In a longitudinal study, five indicators of a transition in the development of analogical reasoning were examined in young elementary school children, (a) bimodality and (b) inaccessibility in the frequency distributions of test performance, and in the responses of the transitional subjects, respectively, (c) sudden jumps, (d) anomalous variance, and (e) critical slowing down. An open-ended geometric-analogies test was administered eight times during a period of six months to eighty children in Grades 1 and 2 (six-to eight-year-olds). Strong evidence for bimodality was found in the distribution of the test scores and weaker evidence for inaccessibility. In the performance curves of the transitional subjects sudden jumps were demonstrated. Furthermore, the transitional subjects displayed a temporary increase of inconsistent solution behavior and solution time near the sudden jump. The characteristic changes in the analogy performance of the transitional subjects were interpreted as a strategy shift.
performance during childhood is generally assumed to be continuous and quantitative and is explained by growing domain knowledge (Gentner, 1977; Vosniadou, 1989) and increasing metaconceptual skills (Brown, 1989) .
Only a few authors reported evidence of qualitative change in analogical reasoning during childhood. Within an information-processing approach Sternberg and Rifkin (1979) compared the solution processes of poor and successful analogical reasoners and found that the solution process of poor analogical reasoners lacked the mapping component, that is, the part of the solution process in which the equivalence of two relations is considered. This result was supported by the findings of Goldman, Pellegrino, Parseghian, and Sallis (1982) who reported that young and low-performing analogical reasoners had difficulties verbalizing the parallel relations in analogy problems and, moreover, were seriously distracted by associative alternatives. In a similar way, Alexander, Willson, White, and Fuqua (1987) found that the erroneous performance of nonanalogical reasoners was guided by a hierarchy of matching-by-similarity rules. Hence, developmental change in analogical reasoning during childhood might be described as a genuine shift from using free associations to considering the constraint of parallel relations.
This shift in analogical reasoning seems to match the shift from unidimensional to multidimensional thinking in 5-to 7-year-old children, as described by Siegler (1994) for several Piagetian tasks. When given a multidimensional task, younger children tend to focus on only one dimension, while older children take into account the multidimensionality of the task and, therefore, have a better chance to succeed in task solution. Siegler (1994) suggested three mechanisms that might explain the shift from one-to multidimensional thinking: growing process capacity, growing encoding skills, and decreasing expectations of one-dimensionality.
The majority of the studies on analogical reasoning are cross-sectional in nature. From such studies no definitive conclusions about the issue of continuity versus discontinuity in the development of analogical reasoning can be drawn. One notable exception, a longitudinal training study by Alexander et al. (1989) revealed that 4-and 5-year-olds benefitted from explicit analogy training. The performance of some control group children, however, also improved during a six-month period. The control group children whose performance improved were significantly older than those control group children who remained poor performers. This result might provide indirect evidence for a discontinuity in the spontaneous development of analogical reasoning. The purpose of the longitudinal study reported in this article was to investigate whether the development of analogical reasoning is a discontinuous process.
The model that was used in the present study for uncovering discontinuous change in analogical reasoning was the model of a transition in catastrophe theory (Thom, 1975) . Catastrophe theory is a mathematical theory by which phase shifts in dynamic systems, that is, systems changing over time, can be detected and modeled. Up to now, catastrophe theory has been mainly applied to a diversity of discontinuity phenomena in physics, chemistry, and biology (Poston & Stewart, 1978 ). An everyday example of a system undergoing a phase shift is that of ice, which is heated to room temperature. During the melting process, two stable behavioral states of the water molecules occur, on the one hand ice, where the water molecules are bound together in a compact crystal pattern, and on the other hand liquid, where the water molecules move randomly. During the last couple of years, some applications of dynamic systems models have emerged in several disciplines of psychology, too. A survey of recent applications in social psychology, for example, was provided by Vallacher and Nowak (1994) . Likewise, in developmental psychology, dynamic systems models have been applied to some issues of motor, cognitive, and language development (Thelen & Ulrich, 1991; van der Maas & Molenaar, 1992; van Geert, 1991) . These models, however, do not represent completely new theories of the domains they are applied to, but provide a new view on developmental changes within these domains (Van der Maas, 1995) . Likewise, the application of catastrophe theory to the domain of analogical reasoning, which is reported in this study, dealt with only the developmental aspects of analogical reasoning.
In catastrophe theory, a transition is defined as an abrupt change in a behavioral variable, which can be explained by continuously changing independent variables, the control variables. In the melting-ice example above, the state of the water molecules represents the behavioral variable, while the added energy represents the control variable. Although the temperature in the melting pot increases continuously, the state of the molecules changes abruptly. When discontinuous change is studied in psychological phenomena, often there is a lack of agreement about possible control variables. But even if the control variables of a particular type of behavior are unknown, transitions can be detected on the basis of their formal characteristics. Gilmore (1981) proposed eight necessary, mathematically defined indicators, the catastrophe flags, for the demonstration of a genuine transition. Van der Maas and Molenaar (1992) translated these eight indicators of a transition from mathematical theory into the domain of cognitive development and suggested to start any investigation of discontinuities with catastrophe detection.
In the present study, we examined those five catastrophe flags that can be identified in a plain longitudinal data set: bimodality, inaccessibility, sudden jump, anomalous variance, and critical slowing down. In the following paragraphs, we will illustrate each of these five flags and present our hypotheses with reference to a transition in the development of analogical reasoning.
Multimodality and Inaccessibility
In the melting-ice example above, at each measurement occasion the great majority of the water molecules can be found either to be moving randomly or to be bound in the crystal state. An intermediate state, with half of the molecules moving and the other half motionless, is rare and highly instable.
The fact that certain sets of behavioral values can possess different probabilities of occurring defines multimodality. Sets of values with high probabilities are called the modes, while sets of values with low probabilities are called inaccessible regions. Inaccessibility is accompanied by metastability, which means that little disturbance will already push behavior from the repelling set to one of the adjoining stable modes. The combination of multimodality and inaccessibility, that is, of attracting and repelling modes, leads to strong multimodality in the score distributions (Van der Maas & Molenaar, 1992) .
Multimodality in performance data is given, if in a frequency distribution two or more latent classes of performers are found, which can be sufficiently discriminated by their probabilities to solve a set of tasks correctly, that is, by their success probabilities. Two distinct classes of performers, for example, with success probabilities near chance level and near one, respectively, were consistently demonstrated, when the performance distributions of several age groups solving horizontality and verticality tasks were analyzed (Thomas, 1989; Thomas & Lohaus, 1993; Thomas & Turner, 1991) . As stated above, for the analogical reasoning performance of elementary school children the existence of two behavioral modes, free association and analogical reasoning, was assumed. Therefore, we expected to find two distinct classes, inaccurate performers, who mainly apply free association, and accurate performers, who generally apply analogical reasoning. Hence, we looked for strong bimodality in the frequency distribution of analogy performance.
In longitudinal data, the number of modes on a developmental scale together with the growth trajectories of the success probabilities and the proportions of the members of each class can reflect the underlying growth processes (Thomas & Lohaus, 1993) . If, for example, unimodality is found for a certain skill on several measurement occasions, while the success probability increases steadily, a gradual growth process can be assumed. If, on the other hand, strong bimodality with stable success probabilities for both latent classes is found and if only the proportion of accurate performers increases over time, discretestage growth processes can be assumed. Those subjects who change class membership over time represent the transitional subjects. In a longitudinal study by van der Maas, Walma van der Molen and Molenaar (1993) , evidence for stage-like growth processes was found. At each of eleven measurement occasions strong bimodality was detected in the frequency distribution of the conservation performance of 6-to 10-year-old children. Two performance classes, nonconservers with success probabilities near chance level and conservers with success probabilities near one were distinguished. Over a period of eight months, the proportion of the conservers increased steadily, while the success probabilities of each of the latent classes did not change.
In a previous study (Hosenfeld, van der Maas, & van den Boom, in press), we already found bimodality in analogy performance in cross-sectional data, but we needed to confirm this in a longitudinal inquiry. In the present study, again, two classes of children, accurate and inaccurate performers, were ex-pected to produce a strong bimodal distribution of analogy performance at several measurement occasions. Because we assumed that the children of each class responded consistently to one of the two strategies, we expected that the two modes remained stable over time. Furthermore, because we assumed that the development of analogical reasoning is a discrete growth process, we expected that in the long run some of the inaccurate performers switch strategies, so that the proportion of accurate performers increases over time.
Sudden Jump
Sudden jumps in individual growth curves point to developmental spurts. Such spurts must take place during a relatively short age interval, but do not necessarily occur at a specific point on the chronological age scale. Therefore, the dimension of chronological age can be replaced by the items of a developmental scale, which provides a relatively continuous measure of the behavior under observation (Fischer, Pipp, & Bullock, 1984) . The simultaneous occurrence of sudden jumps in several behavioral measures, as was demonstrated, for example, for infants assessed on a battery of sensorimotor tasks (Lewis & Ash, 1992) , provides even stronger evidence of a genuine transition. In the present study, we expected the transitional subjects to display a rapid increase in analogy performance within a few weeks. This increase in the performance of the transitional subjects should be larger than any increase in the performance of the nontransitional subjects.
Anomalous Variance
Another indicator of a transition, anomalous variance, reflects the idea that structural change is linked with a conflict between different modes of behavior. Increased variance in cognitive performance near a transition points to the fact that a tightly organized knowledge base becomes loose and susceptible to random as well as to systematic influences. An example of the operationalization of anomalous variance was given by Graham and Perry (1993) , who examined a transition in addition performance. Vagueness in verbal explanations and a discordance between gesture and speech discriminated successfully between low-performing and transitional individuals. In a similar way, van der Maas et al. (1993) studying conservation behavior demonstrated that the responses of transitional subjects were less consistent than the responses of conservers and nonconservers. If analogy performance exists in two qualitatively different modes, free association and analogical reasoning, wavering and alternately applying the two strategies might be characteristic of children during the transition. Therefore, we expected the transitional subjects to display more inconsistency in their analogy solutions near the transition than before and after the transition.
Critical Slowing Down
This indicator of a transition refers to the fact that stable systems recover quickly from perturbations, whereas systems in transition require a longer period of recovery. Each challenge to the system may be seen as a small perturbation. Therefore, each behavioral manifestation in a critical domain will last longer during the transition than before or after the transition, when the same behavior is more or less automatized. The results of a microgenetic study on addition strategies by Siegler and Jenkins (1989) constitutes an example of the phenomenon of critical slowing down. The response times of individual children were strikingly lengthened shortly before and on the trial on which a new addition strategy was applied for the first time. In our study, we also expected the transitional subjects to require more time for producing an analogy solution near the transition than before or after the transition.
Outline of the Study
In order to examine the catastrophe flags bimodality, inaccessibility, sudden jump, anomalous variance, and critical slowing down in analogical reasoning, we set up a longitudinal study covering the age range in which the transition was likely to occur (Hosenfeld, van der Maas, & van den Boom, in press ). The study was a compromise between an inquiry with a sample large enough for group comparisons and a microgenetic study (Siegler & Crowley, 1991) with a high density of observations during a short period of transition. The sample consisted of 6-to 8-year-old elementary school children who were tested every three weeks over a period of six months. Fischer et al. (1984) demonstrated in a study on arithmetic skills that the provision of familiar material, the opportunity to practice, and environmental support induced clear performance spurts, whereas ordinary testing was related to a slow gradual increase in performance. Hence, discontinuities need not occur under all environmental conditions, but seem to be most likely under conditions encouraging optimal performance. To measure analogical reasoning without demanding extended domain knowledge or vocabulary, we administered geometric analogy problems consisting of simple and well-known geometric shapes (Hosenfeld, van den Boom, & Resing, in press ). Furthermore, we tried to create optimal circumstances by testing the subjects individually, by providing practice items, and by repeating the instruction several times during each test session.
METHOD

Subjects
Eighty children from ten elementary schools in the Netherlands participated in the study. In every school, eight children, two girls and two boys from Grades 1 and 2, respectively, were selected. In order to have a sample with a uniform age distribution and equal numbers of boys and girls, we divided each grade into four subgroups, younger and older girls, and younger and older boys. Then from each subgroup one child was randomly selected. Children older than their regular age group were not included in the sample. In this way, our sample comprised four cohorts, 6-and 6.5-year-olds in Grade 1 and 7-and 7.5-year-olds in Grade 2. FIG. 1 . Examples of open-ended geometric analogy items of (1) low, (2) intermediate, and (3) high level of difficulty. The D-term has to be filled in by the subjects.
The sample was drawn in November 1993. Eight test sessions took place between November 1993 and May 1994. The period of testing ranged from 140 to 161 days, M Å 153, SD Å 7.32 and the interval between the test sessions ranged from 13 to 35 days, M Å 21.9 days, SD Å 4.78 days. The longest time lag, the one between Test Session 2 and Test Session 3, included the Christmas holidays.
Material
Twenty geometric analogy items, which represented a selection from a highly homogeneous scale of 36 items (Hosenfeld, van den Boom, & Resing, in press ), constituted the testing material. The items were designed out of six basic geometric shapes and five transformations by means of a facet design. Three examples of the items are presented in Fig. 1 . The level of difficulty of each item could satisfactorily be predicted by the number of elements and the number of transformations the item contained.
A Mokken scale analysis (Mokken, 1971) revealed monotone homogeneity and double monotonicity. Hence, the items and the subjects could reliably be ordered on a common dimension. Furthermore, genuine parallel test items were constructed by means of the same construction rules as were the original items. The level of difficulty of the original and the parallel test items corresponded highly. The same was true for the interrelations of both test versions with external variables.
In Table 1 , for the sample of this study, the item difficulties for the twenty items and Cronbach's alpha for the complete scale are displayed for the eight test sessions. The difficulty levels of the items ranged from p Å .00 to p Å .78 at Test Session 1 and from p Å .06 to p Å 1.00 at Test Session 8, while the internal consistency coefficients ranged between a Å .87 and a Å .91. All items were administered in an open-ended format, so that the subjects had to come up with their own solutions. Each item was printed on a sheet of paper and was presented separately. Children drew their solutions with a pencil in an empty box. Difficult and easy items were presented in a mixed order, which remained the same over subjects and over test sessions. Four of the items were presented a second time with different geometric shapes so that an inconsistency measure, which will be presented below, could be derived.
Procedure
Ten developmental psychology students were trained as test instructors. The training focused on proper test administration without providing any feed-back. No information about the hypotheses of the study was given to the test instructors. The students were provided with the testing material and the written instruction and had to practice the test instruction with children who did not participate in the present study. Then, the adequacy of their instruction behavior was checked individually in a role play.
Each of the test instructors was responsible for the test administration to the eight subjects of one school. Once every three weeks, each child was tested individually outside the classroom. At the beginning of every test session the subjects were asked to draw and name the basic geometric shapes so that they got familiarized with the testing material. Then the instruction was given and three practice items were presented and solved with the support of the test instructor.
The core of the instruction ran as follows: ''Look at this puzzle. It consists of four boxes. In three of the boxes there is a drawing (point to A, B, and C), the fourth one is empty (point to D). In this box you are to draw the solution of the puzzle. What you need to know is: These two boxes belong together (point to A and B), and those two boxes belong together (point to C and D). These two ones (A and B) belong together in the same way as those ones (C and D) do. Do you know what the solution is?'' Next, the child filled out the 20 test items, while the test instructor recorded the solution time in seconds for each item. Solution time was defined as the time lag between the presentation and the completion of an item. To make sure that the child still knew the instruction, twice during the test session the instructor introduced another practice item and repeated the standard instruction. To prevent the child from recognizing the individual items immediately from one to the next test session, the same items with different geometric shapes were administered alternately.
Scoring
To discriminate between the correct and several types of erroneous item solutions, a scoring system consisting of 15 categories was constructed, which is displayed in Table 2 . Three main types of solutions were defined: (a) correct and (b) incomplete solutions, both indicating that analogical reasoning was present, and (c) incorrect solutions indicating that the item was solved by an association strategy. Furthermore, the variable test score was defined as the number of correct item solutions (Category 1), which were added up regardless of the level of item difficulty.
Scoring was done by a rater who was trained by the first author according to explicit coding rules. Interrater-reliability computed for ten percent of the data (1600 items), was high, Cohen's k Å .90 (Cohen, 1960) . When the rater repeated the coding for the same 1600 items two months later, consistency was still high, k Å .85.
In sum, the data set of the longitudinal study reported here contained the data from eight measurement occasions, on which eighty children from Grades 1 and 2 repeatedly filled out 20 open-ended geometric analogies. Three outcome measures were obtained for each child at each test session: (a) test score, (b) solution pattern, and (c) overall solution time. 
RESULTS
In order to examine the hypothesis that the development of analogical reasoning is a discontinuous process, we investigated those catastrophe flags that can be detected in a longitudinal data set, bimodality, inaccessibility, sudden jump, anomalous variance, and critical slowing down. We followed the order of analyses that was suggested by van der Maas et al. (1993) . Because bimodality and inaccessibility in the cross-sectional frequency distributions constitute the first necessary indicators of a transition, they have to be examined first. If bimodality cannot be detected, the discontinuity hypothesis has already to be rejected. Next, the detection of sudden jumps in longitudinal data helps to reject the hypothesis of linear growth, but is not sufficient for the discrimination between a rapid acceleration and a genuine discontinuity. Finally, the detection of the catastrophe flags anomalous variance and critical slowing down adds strong support to the confirmation of the discontinuity hypothesis.
Reduction of the Data Set
Before running any analyses we discarded seven records that contained incomplete data. In addition, we discarded the records of (a) one subject who was detected as a multivariate outlier and (b) one subject who formed her own class with n Å 1, when the subjects were assigned to transition classes. The final data set comprised 71 complete records of 19 girls and 16 boys from Grade 1, and 17 girls and 19 boys from Grade 2. The age of the children ranged from six years and two months to eight years and one month, M Å 86 months, SD Å 7 months. On average, the cohorts were 77, 82, 90, and 95 months old.
Bimodality and Inaccessibility
The first analyses addressed the following question: Are there distinct modes of analogical reasoning and can these modes be confirmed statistically? Because we assumed two different strategies for analogy solution in young elementary school children, we expected to find two distinct modes in the frequency distributions of the test scores.
Testing for bimodality and inaccessibility can be done by parametric (Everitt & Hand, 1981) as well as by nonparametric (Silverman, 1981) techniques. Since catastrophe theory does not predict the type of distribution for each mode, nonparametric techniques are preferable. In catastrophe theory all types of nonlinear scalings are allowed, which can change the form of the modes strongly. On the other hand, statistical theory is much more developed for parametric techniques (see also Titterington, Smith, & Makov, 1985) . Moreover, if sum scores of binary test scores are investigated, binomial distributions can be assumed (Thomas & Lohaus, 1993) . Therefore, we chose to use the finite mixture approach of Everitt and Hand (1981) , which delivers a set of statistics to assess the fit of several models and to compare models with different numbers of modes. The parameters to be estimated for each model were the success probabilities of the latent classes (u 1 , u 2 , . . . u n ) and the proportions of subjects belonging to each class (p 1 , p 2 , . . . p n ).
Because bimodality was the focus of model testing, we fitted a one-, two-, and three-component binomial mixture model to the frequency distributions of the test scores of the total sample for each of the eight test sessions. Next, we compared the respective goodness-of-fit indices of the three models for each test session. The two-component model was selected, if it fitted the data significantly better than the one-component model and if the three-component model did not enhance the model fit of the two-component model substantially.
Three evaluation statistics were computed for each model in order to find the most parsimonious model with the best fit (Thomas, 1989; Thomas & Turner, 1991) . First, Akaike's Information Criterion (AIC), discussed by Thomas and Lohaus (1993) , served as a selection criterion within the family of models fitted to the same data set. It is defined as ''minus two times the loglikelihood function plus a 'penalty factor' equal to twice the number of parameters estimated from the data'' (Thomas & Turner, 1991, p. 182) . Hence, the smallest AIC points out the best fitting model in connection with parameter parsimony. Second, the Pearson x 2 statistic gives an indication of the goodness of fit of the model to the observations. Third, the proportion of variance accounted for (VAF) by the model seems intuitively the clearest indicator of model fit. It can be used for the comparison of different model solutions for the same data set as well as for the comparison of the model solutions of different data sets, but it ignores the issue of parameter parsimony. For each test session, we first compared the AICs, the x 2 statistics, and the VAFs of the one-and two-component models (see Table 3 ). The AICs indicated that at every test session the two-component binomial mixture model described the form of the distribution significantly more parsimoniously than the onecomponent model. In five of the eight test sessions (Test Sessions 2, 3, 6, 7, and 8), the x 2 statistic showed that no significant difference existed between the data and the two-component model. The VAF increased from about 20% for the one-component model to about 90% for the two-component model at every test session. When we compared the goodness-of-fit indices of the twoand three-component models, we discovered that the AICs for all test sessions, except for Test Session 4, were slightly reduced for the three-component model. Furthermore, the x 2 indicated that the three-component model fitted the data satisfactorily for those three test sessions (1, 4, and 5), at which the two-component model failed to fit the data. Finally, at none of the test sessions did the VAF increase by more than 10% from the two-to three-component model.
Because the geometric analogy items covered a range of difficulty levels, and thus did not meet the assumption of equal item probabilities, we repeated the binomial mixture analyses with subsets of 4, 8, 10, and 16 items covering smaller ranges of item probabilities. For all analyses, the two-component model outperformed the one-component model, and in the majority of the analyses, the three-component model did not add substantially to the variance accounted for by the two-component model. Therefore, the two-component solution, which discriminated two latent classes consisting of inaccurate and accurate performers at every measurement occasion, was retained as robust enough for further interpretation.
Two-component mixture models, however, do not necessarily imply bimodality in the overall distributions. A valid two-component mixture model, for example, can contain two normal distributions with equal means and highly different variances (Thomas & Lohaus, 1993) . In that case, the resulting distribution has only one mode. Bimodality and inaccessibility, however, can only be assumed, if there are two clearly separated modes in the modeled frequency distribution. Visual inspection of Fig. 2 , which displays the observed frequency distributions of the test scores for each of the eight test sessions together with the estimated distribution curves for the model with the best fit, that is, the two-component model for Test Sessions 2, 3, 6, 7, and 8, and the threecomponent model for Test Sessions 1, 4, and 5, confirmed bimodality. In the observed as well as in the modeled distributions, two separate modes were clearly visible for each test session. While the majority of the subjects belonged to the first latent class at the first test session, the majority of the subjects belonged to the second latent class at the eighth test session.
As a matter of fact, the two modes of analogy performance were assumed to remain stable over time, while a part of the sample was expected to change class membership. Hence, we examined the longitudinal patterns formed by the estimated parameters of the two-component model, the success probabilities of the two latent classes (u 1 and u 2 ) and the proportion of accurate analogical reasoners (p 2 ). Linear regression with test session as predictor indicated linear trends for all three parameters (see Fig. 3 ). Not only did the proportion of members in the high-performing class (p 2 ) rise significantly from the first to the eighth test session, R 2 Å .62, F(1, 6) Å 9.78, p õ .05, but the success probabilities of the two latent classes, the low-performing (u 1 ) and the highperforming (u 2 ) individuals, also increased continuously over time, R 2 Å .66, F(1, 6) Å 11.88, p õ .05, and R 2 Å .81, F(1, 6) Å 25.11, p õ .01, respectively. So, in both classes, analogy performance was enhanced to a similar degree over the eight test sessions. This result is in contrast to our expectation that the two modes in the frequency distribution and the inaccessible region in between would remain stable over the eight test sessions.
To explore the inaccessible region on the developmental scale further, we partitioned the sample at each measurement occasion into two discrete groups using the procedure described by Thomas and Lohaus (1993) . For this purpose, for each individual test score two posterior probabilities were estimated on the basis of the estimated parameters of the two-component model, the probability of belonging to the first component and the probability of belonging to the second component. Then each test score was assigned to the component with the largest posterior probability. At Test Session 1, for example, the test scores zero through four were assigned to the first component, while the test scores five through twenty were assigned to the second component. Then the minimum number of correct responses required to be classified as accurate performer was determined, for instance, five for Test Session 1. This minimum number of correct responses, however, increased steadily from 5 to 13 over the eight test sessions (see Table 4 ), which indicated a shift of the inaccessible region over the eight test sessions in the direction of the higher test scores. When the analogy performance over all eight test sessions was examined, the minimum number of items correct necessary for being classified as belonging to the second component, was ten, irrespective of whether the eight raw scores or the mean score for each child was analyzed. The criterion of ten items correct will be used for the definition of the transitional subjects in subsequent analyses.
The first result, strong bimodality in the majority of the measurement occasions, clearly supported the hypothesis of discontinuous development in analogical reasoning, whereas the second result, instability of the success probabilities and of the inaccessible region, was unexpected and not in support of discontinuous developmental change.
The Effect of Repeated Testing
The overall increase of test performance from the first to the eighth test session might have been an outcome of the repeated administration of almost identical testing material. To examine whether analogy performance was facil- itated by repeated testing, we compared the test performance at the first and the last test session while controlling for age. Because both the age differences between the cohorts and the time lag between the first and the last test session was about half a year, each cohort at its last test session was of the same age as the subsequent cohort at its first test session. Because the test scores from both the first and the last test session were available for only three age levels, the 6.5, the 7-, and the 7.5-year-old children, a Mann-Whitney U-test (Hays, 1981, pp. 587-589) on test score with test session as the independent variable was performed for each of these three levels. At 6.5-and 7.5 years, the test performance in the last test session was significantly higher than in the first test session, z Å 4.44, p õ .001, and z Å 4.65, p õ .001, respectively, while at 7 years the same trend was obtained, z Å 1.54, p Å .06. In general, even after controlling for age, we found that our subjects performed significantly better, when they were tested for the eighth time than when they were tested for the first time. Hence, some part of the effect under observation can be explained by practice.
Solution Patterns of the Nonanalogical, the Transitional, and the Analogical Reasoners
To explore the performance characteristics of the transitional subjects, we divided the sample into three classes, nonanalogical, transitional, and analogical reasoners. For this purpose, we used the criterion of ten or more items correct, which was derived from the estimation of the posterior probabilities Note. Category 1 represents correct solutions; Categories 2 and 3 represent incomplete solutions; and Categories 4 through 15 associative solutions. The numbers in brackets are the column percentages.
of the two-component model for the overall frequency distribution (Thomas & Lohaus, 1993) . Subjects who consistently solved ten or more analogies were defined as analogical reasoners, N Å 11, while subjects who consistently solved less than ten items were defined as nonanalogical reasoners, N Å 15. All 45 subjects whose test scores passed the criterion of ten items correct during the half year of testing were defined as transitional subjects.
Next, the solution patterns of the three classes were examined to determine whether the transitional subjects produced any unique item solutions. Table  5 shows that, in general, the same types of item solutions were produced by all three classes. Large differences between classes were found in the proportions of the solution types. Analogical reasoners produced correct solutions for the greater part, nonanalogical reasoners came up with associative solutions most of the time, and transitional subjects produced correct as well as associative solutions. There was a significant difference in the number of incomplete solutions (Categories 2 and 3) in favor of the transitional class (1986 (27%) vs 504 (21%) and 325 (19%) for the nonanalogical and the analogical reasoners, respectively), x 2 (2, N Å 2815) Å 58, p õ .01, but it seems to be an overstatement to conclude that the incomplete solutions were typical for the transitional subjects.
To illustrate the change of the prevailing solution over time, we examined the three main solution types separately, that is, the correct, the incomplete, and the associative solutions. For each class a characteristic pattern, as displayed in Fig. 4 , was found.
For the nonanalogical reasoners (see Fig. 4 A) , the majority of the item solutions were associative solutions at the first test session; at the eighth test session, correct, incomplete, and associative solutions were about equally represented. For the analogical reasoners (see Fig. 4 C) , at every test session correct item solutions dominated the incomplete and associative solutions. The latter two decreased slightly in favor of the correct solutions. For the transitional subjects (see Fig. 4 B) , a reversal of the prevailing solution took place. Associative solutions, which were dominant at the first test session, almost disappeared, whereas the correct solutions increased rapidly and took the largest part. The proportion of incomplete solutions, finally, remained more or less constant over eight test sessions for all three classes.
In sum, no item solution specific for the transitional subjects was found. The aspect that discriminated the transitional class from the two other classes was the reversal of the prevailing solutions. This result is in accordance with the expectation that the transitional subjects need not represent a homogeneous group with unique characteristics that can be identified on one measurement occasion alone. It is the longitudinal pattern of their performance and other dynamical characteristics of their solution that define the transitional reasoners. Three of the dynamical characteristics of transitional subjects will be investigated in the next section.
Sudden Jump, Anomalous Variance, and Critical Slowing Down
To demonstrate the sudden jump and to test the hypotheses of anomalous variance and critical slowing down in the performance of the transitional subjects we identified for each transitional subject, the test session at which it passed the criterion of ten items correct and assigned it to one of seven subgroups. All subjects who passed the criterion at the second test session constituted Transition Class 1, all subjects who passed the criterion at the third test session constituted Transition Class 2, etc. The test score patterns of the classes are displayed in Table 6 , while the raw test scores of each subject are provided in the Appendix. Because one transition class contained only one subject, the following analyses were conducted on the remaining six transition classes.
Furthermore, for each transition class the measurement occasions were aligned to a new scale with the transition from the state of nonanalogical reasoner to the state of analogical reasoner as an anchor, as represented by the vertical lines in Table 6 . Each test session at which a transitional child solved nine or less items, was labeled ''before the transition,'' the remaining fication criterion, but it was not sufficient to discriminate between rapid acceleration and a genuine discontinuity in the development of analogical reasoning (Van der Maas et al., 1993) . Anomalous variance. To detect the presence of anomalous variance in the solution behavior of the transitional subjects, we derived an inconsistency index from the classification of the analogy solutions of the four test items that were presented twice. The three main categories, correct, incomplete, and associative solutions, were used for this comparison. For example, if one correct and one incomplete solution was found within an item pair, the item pair was labeled inconsistent. The same was done for item pairs consisting of one correct and one associative solution or one incomplete and one associative solution. For each subject an inconsistency score was obtained from the number of different-solution pairs for each test session. Inconsistency scores ranged from 0 to 4. While overall inconsistency was also high for both the nonanalogical reasoners, M Å 1.14, SD Å 1.03, and the analogical reasoners, M Å 1.15, SD Å .98, the transition group gained the highest inconsistency scores, M Å 1.48, SD Å 1.10, which means that it produced inconsistent solutions in more than one third of the item pairs.
Next, to test whether inconsistency in the transitional subjects increased near the transition, a polynomial regression analysis was conducted on inconsistency with test session (13 test sessions) as predictor. The regression equation contained a significant quadratic term, F(1, 347) Å 9.04, p õ .01, indicating a maximum in the inconsistency curve. Figure 5 B shows that this maximum corresponded clearly with the sudden jump. Inconsistent solution behavior was highest shortly before the sudden jump.
Critical slowing down. The sum of the item solution times for each subject was defined as solution time, which ranged from 170 to 1517 s, M Å 539 s, SD Å 201 s. In order to search for evidence of the phenomenon of slowing down, a polynomial regression analysis on solution time with test session aligned with the sudden jump was performed. A significant quadratic trend was detected, F(1, 347) Å 11.20, p õ .001, in the solution time curve. As can be seen in Figure 5 C, the maximum of this curve is closely related to the sudden jump. Solution time continuously increased before the sudden jump and decreased thereafter.
In sum, the sudden increase in test performance of the transitional subjects was found to be accompanied by a temporary increase of both inconsistent solution behavior and solution time. DISCUSSION The longitudinal study reported here provided support of the hypothesis that there is a discontinuity in the development of analogical reasoning. Four of the five indicators of a transition as defined by catastrophe theory, bimodality, sudden jump, anomalous variance, and critical slowing down were satisfactorily demonstrated in the analogical reasoning performance of young elementary school children. Two qualitatively different modes of analogical reasoning were observed in 6-to 8-year-old children, free association and systematic analogical reasoning. During half a year of testing, a large part of the sample switched solution mode, progressing from free association to systematic analogical reasoning. This transition was accompanied by a sudden increase of analogy performance, a temporary increase of inconsistent solution behavior, and a temporary slowing down of solution behavior during a period of six months. In particular, the latter two indicators, anomalous variance and critical slowing down, pointed to the fact that a conflict between two strategies might be the cause of the progress.
In contrast to the expectations derived from the model of a transition, not only the number of analogical reasoners increased, while the number of nonanalogical reasoners decreased accordingly, but the success probabilities of both classes also increased steadily. As a consequence, the inaccessible region on the developmental scale moved from the lower to the higher scale points over the eight measurement occasions. Apparently, repeated exposure to analogy problems raised the overall probability of success. Most probably, not only the transitional subjects, but all children became familiarized with the form and the content of the testing material, which helped them to deal economically with the memory load imposed by the analogies. In adults a similar finding was reported by Sternberg (1977) . Poor and successful analogy performers allocated their solution time in different ways. Successful performers spent more time encoding the attributes of an analogy and less time processing comparisons than the poor performers did. The strategic allocation of solution time seemed to help them to master the memory load of the analogies. In the longitudinal study reported here, repeated dealing with analogies might have reduced encoding difficulties in all children.
Furthermore, we found evidence that the transition in analogical reasoning we looked for occurred in the first grades of elementary school. It was, however, not the aim of the study to make a definitive statement about the age level at which children master analogical reasoning. We agree with Goswami (1992) that changing the test procedure may facilitate analogy solution so that children become able to solve one or the other type of analogy earlier, but we expect that changing the test procedure only pushes off the phenomenon of discontinuity to a lower age level. Evidence for this assumption may be found in the study of Alexander et al. (1987) , where the frequency distribution of the analogy performance of 4-and 5-year-old children also displayed two different modes. The tasks presented in this study were similar, but easier geometric analogy problems than the tasks in the study presented here.
There are three more indicators of a transition, divergence, divergence of linear response, and hysteresis, whose detection could contribute to the confir-mation of the discontinuity hypothesis (Van der Maas & Molenaar, 1992). They were not investigated in our study, because experimental designs are needed for their detection. In the following we will suggest guidelines for future investigations concerning the detection of the remaining three transition flags in the development of analogical reasoning. First, the clarity of the phenomena of bimodality and sudden jump depends on the conditions under which they are observed (divergence). Hence, the systematic variation of test conditions needs to be studied. Under less optimal test conditions than those provided in our study, for example, when the test is administered in groups and without any instruction, bimodality and sudden jump should weaken or even disappear, while under even more favorable conditions than ours, when for example, feedback or examples of correct solutions are provided, they should emerge even more clearly than demonstrated in this study. Second, if there is a transition in analogical reasoning, specific training in analogical reasoning skills should have an effect on transitional subjects only, that is, those children who have both modes of analogical reasoning at their disposal (divergence of linear response). Training can strengthen the conflict between the two modes and possibly accelerate the process of establishing the more successful strategy, but training cannot induce analogical reasoning in children who master only free association. Hence, training studies are needed with experimental groups consisting of nonanalogical reasoners and transitional subjects. The distinction between these groups can be made on the basis of, for example, inconsistency and solution time measures. Third, the transition from one mode to the other is expected to occur on different values of the control variable depending on the direction in which the control variable changes (hysteresis). If we assume that, for instance, information processing capacity is a control variable responsible for the transition in analogical reasoning, information load might be manipulated systematically. The same analogy items might be administered with increasing information load to one group of subjects and with decreasing information load to another one. For the latter group we would expect the first associative solution at easier items than for the first group.
The framework of catastrophe theory provided the possibility to demonstrate a discontinuity in the development of analogical reasoning, which may be described as a genuine shift from using free association to considering the constraint of parallel relations. Such a discontinuity is a typical characteristic of complex developmental processes. In the last decade, research in physics, chemistry, biology, and other disciplines has shown many examples of discontinuous phase transitions in processes of structural change (Haken, 1977; Prigogine & Stengers, 1984) . These phase transitions are generally in accord with the original Piagetian description of discontinuous change, except for the domain specific character of the current approaches. From the point of view of nonlinear dynamic systems theory, of which catastrophe theory is a part, domain-specific transitions can be expected when mastering a domain requires the acquisition of new strategies.
At the moment, we can only speculate about the developmental mechanisms responsible for the transition in analogical reasoning in elementary school children. In our view, an explanation in Piagetian terms, such as competing preoperational and operational structures, is insufficient. What we need are hypotheses that include control variables suitable for operationalization. Growing information processing capacity, for example, or decreasing field dependency might be reasonable candidates. These variables have already been suggested in connection with investigations about cognitive performance more characteristic for the concrete operational stage like volume conservation (Van der Maas & Molenaar, 1992) and the understanding of horizontality and verticality (Thomas & Lohaus, 1993) , but await empirical investigation. A fruitful addition to empirical investigations of possible control variables might be simulation research. An example of a computer model, which simulated analogical reasoning as a product of a selforganizing system, was presented by Mitchell and Hofstadter (1990) .
Finally, we would like to emphasize our conviction that the idea of discovering structural change with the help of formal indicators may be worthwhile for investigations in other domains of cognitive development as well, for example, number conservation, class inclusion, or balance scale problems. 
